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Abstract
We study the additive structure of Hochschild cohomology for blocks of modular group algebras
of tame representation type. We give explicit formulae for the dimensions of the cohomology groups
and compute the Poincaré series of the Hochschild cohomology ring for all tame blocks having one
or three simple modules.
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1. Introduction
Throughout this article we assume that K is an algebraically closed field of charac-
teristic 2. We consider 2-blocks B of modular group algebras having tame representation
type. By a result of Bondarenko and Drozd [5], the representation type of a block B is
determined by the structure of its defect group D. The representation type of B is finite
if and only if D is cyclic and it is tame if and only if p = 2 and D is dihedral, semidi-
hedral or (generalized) quaternion. In all other cases B has wild representation type. In
a series of articles, tame blocks were classified by K. Erdmann up to Morita equivalence
([17–21], see also [22]). By a result of R. Brauer [8], for a tame block B , the number l(B)
of isomorphism classes of simple B-modules is 1, 2, or 3.
In recent years a lot of work in representation theory of finite groups was centered
around conjectures of M. Broué about the existence of derived equivalences between the
module categories of certain blocks of modular group algebras. Derived equivalences occur
naturally for blocks of finite groups, two blocks having a common cyclic defect group are
derived equivalent if and only if they have the same number of simple modules [36].
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groups and three simple modules up to derived equivalence. This was subsequently
extended in [29] and [30] to a classification of all algebras of dihedral, semidihedral and
quaternion type (classes of algebras introduced by Erdmann, containing all tame blocks)
up to derived equivalence. The approach used there is to explicitly construct suitable tilting
complexes in order to apply the criterion of J. Rickard [37] for derived equivalence.
Derived equivalent algebras have isomorphic Hochschild cohomology rings [38, 2.5].
The Hochschild cohomology groups of an algebra B can be defined as HHi (B) =
ExtiBe(B,B) where B
e = B ⊗K Bop is the enveloping algebra. The corresponding Hoch-
schild cohomology ring is the graded ring HH∗(B)=⊕i0 HHi (B) where multiplication
is induced by Yoneda product.
The connection to derived equivalences is one of the main motivations for the study
of Hochschild cohomology of blocks. But furthermore, it is interesting in itself to
characterize representation-theoretic invariants of the block by ring-theoretic invariants of
the corresponding cohomology ring, and vice versa. This was already successfully done
for commutative group algebras [14,28] and for blocks with cyclic defect groups and
related algebras [23]. In all these cases we could completely describe the ring structure
of Hochschild cohomology explicitly by generators and relations.
When studying the Hochschild cohomology of blocks of tame representation type, we
restrict our attention in this paper to the additive structure of the Hochschild cohomology,
i.e., we determine the K-dimensions of the groups HHi (B) for all i  0. For group algebras
the additive structure of Hochschild cohomology is closely related to group cohomology
of centralizers with trivial coefficients. One has the well-known additive decomposition
HHi (KG)∼=⊕g Hi (CG(g),K) [4, 2.11.2].
This article contains the complete determination of the additive structure of Hochschild
cohomology for all tame blocks with one or three simple modules (in the semidihedral
case we also deal with blocks with two simple modules, see Section 3.2.1). The main
tool in attacking this problem is our derived equivalence classification obtained in [29]. In
fact, we can use it here as a ‘reduction step’: since Hochschild cohomology is invariant
under derived equivalence it suffices for the general case to determine the Hochschild
cohomology for only one representative in each derived equivalence class. Standard
examples for these are provided by blocks of linear groups like GL, SL, PSL and extensions
of these, for which we have a very good knowledge of the representation theory.
The case of two simple modules cannot be dealt with in the same way, the problem
being the absence of a complete reduction step by derived equivalences. Recall that for
two simple modules there are scalars occurring in the relations of the algebras; and it is
not known whether blocks of finite groups occur for different scalars. Hence although one
could determine the Hochschild cohomology for the known examples, these would only
be isolated results since they would not give any definitive result for arbitrary tame blocks
with two simple modules.
Our results can be summarized as given in Table 1. The rest of the paper will be devoted
to giving the proofs of the assertions in this main result.
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Hochschild cohomology of tame blocks
defect group # simples
Poincaré series di := dim HH
i (B)
Klein four 1
di = 4(i + 1)4
(1− t)2
3 d0 = d2 = 4, d1 = 2,
d3i = d3i+1 = 4i + 2,4−2t+2t2−2t3+2t4
(1− t)2(1+t+t2) d3i+2 = 4i + 4
dihedral 1
di = 4i + 2n−2 + 32n−2+3−(2n−2−1)t
(1− t)2
3 d0 = 2n−2 + 3, d1 = 2n−2 + 1,
d3i−1 = 4i + 2n−2 − 1,2n−2+3+(2n−2+1)t−(2n−2−1)t3−(2n−2−1)t4+2t5
(1− t2)(1− t3) d3i = d3i+1 = 4i + 2n−2 + 1
semidihedral 1 d0 = 2n−2 + 3, d1 = 2n−2 + 6,
d2 = 2n−2 + 7, d3 = 2n−2 + 8,2n−2+3+3t+t2+t3−2n−2t4
(1− t)(1− t4) di+4 = di + 8
3 d0 = d3 = 2n−2 + 4,
d1 = d2 = 2n−2 + 2, d5 = 2n−2 + 5
2n−2+4−2t+2t3+t4+t7+2t8−t10+2t11−(2n−2+2)t12+t13
(1− t)(1− t12) di+4 = di + 2+
{
0, i ≡ 0 mod 3,
1, else
quaternion 1
di =
{
2n−2 + 3, i ≡ 0,3 mod 4,
2n−2 + 5, i ≡ 1,2 mod 42
n−2+3+(2n−2+5)t+(2n−2+5)t2+(2n−2+3)t3
1− t4
3
di =
{
2n−2 + 5, i ≡ 0,3 mod 4,
2n−2 + 3, i ≡ 1,2 mod 42
n−2+5+(2n−2+3)t+(2n−2+3)t2+(2n−2+5)t3
1− t4
2. Dihedral defect group
2.1. Klein four defect group
Let B be a 2-block of a finite group algebra KG having a defect group V isomorphic
to a Klein four group. By a result of Brauer, the number l(B) of simple B-modules is 1
or 3 (cf. [7, Section VII] or [3, 6.6]). In the case l(B) = 1 the block B is nilpotent and
thus Morita equivalent to the group algebra KV [35]. The case of three simple modules
is more involved. If the defect group V is normal in G then B is Morita equivalent to the
group algebra of the alternating group KA4 [3, 6.6.2]. Otherwise, B is Morita equivalent
to the principal 2-block B0(KA5) of the alternating group on five letters [3, 6.6.3]. The
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Hochschild cohomology rings.
Theorem 2.1. Let B be a block with a Klein four defect group V . Then l(B) is 1 or 3 and
the following holds:
(1) If l(B) = 1 then HH∗(B) ∼= HH∗(KV ) ∼= KV [x, y] is a polynomial ring over KV
in two indeterminates of degree one. In particular, HH∗(B) has Poincaré series
4/(1− t)2.
(2) If l(B)= 3 then HH∗(B)∼= HH∗(KA4). The Poincaré series of HH∗(B) is
4− 2t + 2t2 − 2t3 + 2t4
(1− t)2(1+ t + t2) ,
i.e., dimK HH0(B) = dimK HH2(B) = 4, dimK HH1(B) = 2 and dimK HH3j (B) =
dimK HH3j+1(B)= 4j + 2, dimK HH3j+2(B)= 4j + 4 for all j  1.
Proof. (1) By the remarks above, HH∗(B) ∼= HH∗(KV ). In this commutative situation,
the Hochschild cohomology ring is isomorphic to the tensor product KV ⊗K H∗(V ,K) of
the group algebra with the ordinary cohomology ring [14,28]. The latter is well-known to
be a polynomial ring in two indeterminates of degree 1 (see [3, 3.5.7]).
(2) The first assertion follows from the above remarks on Morita and derived
equivalences. For computing the Poincaré series of HH∗(KA4) we consider the additive
decomposition
HHi (KA4)∼= Hi (A4,K)⊕ Hi (V ,K)⊕ Hi (C3,K)⊕Hi (C3,K)
for all i  0. Since K has characteristic 2, the cohomology of C3 is concentrated in
degree 0. The cohomology of the Klein four group V was discussed in part 1. The structure
of the graded mod 2 cohomology ring of A4 can be found in [2, Appendix, p. 197]: we
have H ∗(A4,K)∼=K[u,v,w]/(u3 + v2 + vw +w2) where u is of degree 2 and v,w are
of degree 3. In particular, H ∗(A4,K) has Poincaré series
1+ t2 + t4
(1− t3)2 =
1− t + t2
(1− t)2(1+ t + t2) .
Adding up the Poincaré series on the right-hand side gives the desired formula for the
Poincaré series of HH∗(KA4). ✷
2.2. Dihedral type—one simple module
Let B be a block with dihedral defect group D = D2n of order 2n. We may assume
n  3; the case n = 2 was dealt with in the preceding section. Assume in this subsection
that B has only one isomorphism class of simple modules. Then B is a nilpotent
block and by Puig’s theorem [35], B is Morita equivalent to the group algebra KD. In
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cohomology groups.
Consider D given by the presentation
D = 〈r, s | r2n−1 = 1, s2 = 1, srs−1 = r−1〉.
We summarize some elementary group theoretic facts. The dihedral group D has 2n−2 + 3
conjugacy classes, with representatives 1 and r2n−2 being central, ri (where 1  i 
2n−2 −1) with centralizer a cyclic group of order 2n−1 and finally s and rs with centralizer
a Klein four group. For all i  0, the additive decomposition of the Hochschild cohomology
groups then takes the form
HHi (KD)∼= Hi (D,K)⊕2 ⊕Hi (C2n−1,K)⊕2
n−2−1 ⊕ Hi (V ,K)⊕2.
The mod 2 cohomology of a cyclic 2-group is well-known to be one-dimensional in each
degree [3, 3.5.5]. The cohomology of the Klein four group was discussed in the preceding
subsection. The structure of the mod 2 cohomology ring of the dihedral group can be found
in [2, Appendix, p. 185]: H∗(D2n,K) ∼= K[x, y,w]/(xy) where x and y are of degree 1
and w is of degree 2. In particular, one has dimK Hi (D,K) = i + 1 for all i  0 and the
Poincaré series is 1/(1− t)2.
By adding the Poincaré series on the right-hand side we obtain the following result.
Theorem 2.2. Let B be a block with dihedral defect groups of order 2n and with one simple
module. Then for all i  0 the following holds:
(1) For all i  0 we have dimK HHi (B)= 4i + 2n−2 + 3.
(2) The Poincaré series of the Hochschild cohomology ring HH∗(B) has the following
form
2n−2 + 3− (2n−2 − 1)t
(1− t)2 .
2.3. Dihedral type—three simple modules
In [17], K. Erdmann classified up to Morita equivalence the blocks with dihedral defect
group and with three simple modules. She defined three classes of algebras, denoted
Am :=D(3A)m1 , Bm :=D(3K)m and Cm :=D(3B)m1 each depending on a positive integer
parameter m. For the definition of these algebras and more details we refer to [17] or the
book [22]. The main result is the following: Let B be a block of a finite group with dihedral
defect group of order 2n and with three simple modules. Then B is Morita equivalent to
A2n−2 , B2n−2 or C2n−2 .
The principal 2-block of the projective special linear group PSL2(q), where q is a prime
power, q ≡ 1 (mod 4), and 2n is the exact power of 2 dividing q − 1, is an example of type
A2n−2 . The principal 2-block of PSL2(q), where q ≡ 3 (mod 4), and 2n is the exact power
of 2 dividing q + 1 is an example of type B2n−2 . The only example given in [22] of a
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n = 3. For computing the Hochschild cohomology groups we may restrict our attention
to one of the first two Morita equivalence classes. This is a consequence of a result of
M. Linckelmann [31, Theorem 4], which states that for any positive integer m, the algebras
Am, Bm and Cm are derived equivalent. In particular, for fixed m these algebras have
isomorphic Hochschild cohomology rings. Our strategy for dealing with arbitrary dihedral
blocks is to find for any such block with defect group of order 2n a block of type B2n−2 ,
i.e., a principal block of some projective special linear group, having the same defect.
It then suffices by Linckelmann’s result to determine the Hochschild cohomology of the
latter. So, given n ∈ N, we have to ensure the existence of a prime power q such that
q ≡ 3 (mod 4) and 2n is the exact power of 2 dividing q + 1. We will state a more general
number theoretic result which will be also needed later in the semidihedral case. It is a
special case of Dirichlet’s theorem on primes in arithmetic progressions.
Proposition 2.3. Let n ∈N be given. Then there exist infinitely many prime numbers q such
that 2n is the exact power of 2 dividing q + 1 and q ≡ 1 (mod 3).
Proof. The conditions on q are equivalent to the condition q ≡ 3 · 2n − 1 (mod 3 · 2n+1).
There are infinitely many such primes by Dirichlet’s theorem. ✷
In particular, we can find one prime number with the desired property in order to reduce
our considerations to 2-blocks of PSL2(q).
Proposition 2.4. Let B be a block with dihedral defect group of order 2n and three simple
modules. Then HH∗(B) ∼= HH∗(B0(K PSL2(q))), where B0(K PSL2(q)) is the principal
2-block of the projective special linear group, q ≡ 3 (mod 4) and 2n is the exact power of
2 dividing q + 1.
From now on we consider, for given n, the block B = B0(K PSL2(q)) where q ≡
3 (mod 4) and 2n is the exact power of 2 dividing q + 1.
First we consider the additive decomposition of Hochschild cohomology via group
cohomology of centralizers. We summarize some elementary group theoretic facts; details
can be found in [15, Chapter 38] (where SL2(q) is treated; one just has to factor out the
center for our purposes). PSL2(q) consists of (q + 5)/2 conjugacy classes. To describe the
representatives, we consider the following matrices (respectively their cosets in PSL2(q)):
c :=
(
1 0
1 1
)
, d :=
(
1 0
ν 1
)
where ν is a primitive element of the finite field Fq , and set
a :=
(
ν 0
0 ν−1
)
.
Moreover, PSL2(q) contains an element b of order q + 1. A complete system of
representatives of the conjugacy classes is given by the following elements: 1 being central,
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order (q − 1)/2, bm where 1 m (q − 3)/4 with centralizer cyclic of order (q + 1)/2
and b(q+1)/4 having as centralizer D2n , a (dihedral) Sylow 2-subgroup of PSL2(q). The
additive decomposition of Hochschild cohomology then takes for all i  0 the form
HHi
(
K PSL2(q)
)∼= Hi(PSL2(q),K)⊕ Hi (Cq,K)⊕2 ⊕Hi(Cq−1
2
,K
)⊕ q−34
⊕Hi(Cq+1
2
,K
)⊕ q−34 ⊕ Hi (D2n ,K). (∗)
The dimensions of the cohomology of the cyclic groups are well-known (keeping in mind
that q ≡ 3 (mod 4)). The ith cohomology group of D2n has dimension i + 1 for all i  0
(see the preceding subsection). The only new item is the mod 2 cohomology of PSL2(q)
itself, which is given by the following result of T. Asai.
Lemma 2.5 (Asai [1]). For the mod 2 cohomology ring H∗(PSL2(q),K) of the projective
special linear group the following assertions hold.
(1) For the low degrees we have dimK H0(PSL2(q),K)= 1 = dimK H2(PSL2(q),K), and
dimK H1(PSL2(q),K)= 0.
(2) For all i  0 we have dimK Hi+3(PSL2(q),K)= dimK Hi (PSL2(q),K)+ 1.
(3) The mod 2 cohomology ring H∗(PSL2(q),K) has Poincaré series equal to
1+ t3
(1− t2)(1− t3) .
We are now able to provide formulae for the dimensions of the Hochschild cohomology
groups of the group algebra K PSL2(q).
Proposition 2.6. Let q ≡ 3 (mod 4) and let 2n be the exact power of 2 dividing q + 1.
Denote by A = K PSL2(q) the group algebra of the projective special linear group (in
characteristic 2).
(1) The Hochschild cohomology ring of the group algebra K PSL2(q) has Poincaré series
1
(1− t2)(1− t3)
(
q + 5
2
+ q + 5
4
t − q − 3
4
t2 − q − 3
2
t3 − q − 3
4
t4 + q + 5
4
t5
)
.
(2) The Hochschild cohomology groups have the following dimensions:
dimK HH0(A)= q + 52 , dimK HH
1(A)= q + 5
4
,
and for all i  1 one has
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dimK HH3i(A)= dimK HH3i+1(A)= 4i + q + 54 .
Proof. (1) From the decomposition (∗) and the preceding lemma we deduce that the
Poincaré series for HH∗(K PSL2(q)) is given by the sum
1+ t3
(1− t2)(1− t3) + 2+
q − 3
4
+ q − 3
4
· 1
1− t +
1
(1− t)2
which can be seen to be equal to the expression given in assertion (1) by a straightforward
calculation.
(2) The dimensions for i = 0,1 follow directly from the coefficients in the Poincaré
series. So let i  1 and consider the degrees 3i − 1, 3i and 3i + 1. Note that by Asai’s
result above, the cohomology of PSL2(q) has dimension i in degrees 3i±1 and dimension
i+1 in degree 3i . Together with the contribution from the cohomology groups of C(q−1)/2
and D2n we obtain, as desired, the following dimensions:
i + q − 3
4
+ 3i = 4i + q − 3
4
in degree 3i − 1,
i + 1+ q − 3
4
+ 3i + 1 = 4i + q + 5
4
in degree 3i, and
i + q − 3
4
+ 3i + 2 = 4i + q + 5
4
in degree 3i + 1, respectively. ✷
So far we have considered the Hochschild cohomology of the whole group algebra
K PSL2(q). In order to get an analogous result for the principal 2-block we have to study
the decomposition of PSL2(q) into 2-blocks. Recall that Hochschild cohomology behaves
well with respect to block decomposition. More precisely, if G is a finite group and the
group algebra KG is direct sum KG =⊕j Bj of blocks, then for all i  0 one has
HHi (KG)∼=⊕j HHi (Bj ).
The distribution of the ordinary characters of PSL2(q) into 2-blocks was studied by
R. Burkhardt [12]. We state the main result in a form which is suitable for our purposes.
Proposition 2.7 (Burkhardt [12]). Let q be an odd prime power. If q ≡ 3 (mod 4), set
q + 1 = 2nr with r odd, and s = (q − 3)/4. If q ≡ 1 (mod 4), set q − 1 = 2nr with
r odd, and s = (q − 1)/4. Then K PSL2(q) has one 2-block of maximal defect (the
principal block), s 2-blocks of defect zero and (r − 1)/2 2-blocks with cyclic defect group
of order 2n−1.
The Hochschild cohomology of blocks of defect zero and of cyclic blocks is well
understood. In fact, a block B of defect zero is a simple algebra and isomorphic
to a full matrix ring over K (we assumed K to be algebraically closed). Therefore,
dimK HH0(B)= 1 and HHi (B) = 0 for i > 0. The Hochschild cohomology of cyclic
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2m then dimK HHi (B)= 2m for all i  0 [27, 5.2].
For the principal 2-blockB0 = B0(K PSL2(q)) it now follows by the result of Burkhardt
(and with the notations introduced there) that for all i  0 we have
dimK HHi (B0)= dimK HHi
(
K PSL2(q)
)− s · δi,0 −( r − 12
)
2n−1.
Combining this with our above result on the Hochschild cohomology of the group algebra
K PSL2(q) we can conclude that dimK HH0(B0)= 2n−2 + 3, dimK HH1(B0)= 2n−2 + 1,
and that for all i  1 one has dimK HH3i−1(B0)= 4i + 2n−2 − 1 and dimK HH3i (B0) =
dimK HH3i+1(B0)= 4i + 2n−2 + 1.
Note that the dimensions of the Hochschild cohomology groups of the group algebra
K PSL2(q) clearly depend on the parameter q , whereas those of the principal block B0
only depend on the order of the defect group of B0. As all blocks with a common dihedral
defect group and three simple modules are derived equivalent, the study of the principal
2-block of PSL2(q) for q ≡ 3 (mod 4) already yields the general case and we can state the
main result of this section.
Theorem 2.8. Let B be a block with a dihedral defect group of order 2n and with three
isomorphism classes of simple modules.
(1) The Hochschild cohomology ring of B has Poincaré series
3+ 2n−2 + (1+ 2n−2)t − (2n−2 − 1)t3 − (2n−2 − 1)t4 + 2t5
(1− t2)(1− t3) .
(2) The dimensions of the Hochschild cohomology groups of B are as follows:
dimK HH0(B)= 2n−2 + 3, dimK HH1(B)= 2n−2 + 1,
and for all i  1 one has
dimK HH3i−1(B)= 4i + 2n−2 − 1,
dimK HH3i (B)= dimK HH3i+1(B)= 4i + 2n−2 + 1.
Proof. It only remains to prove the statement about the Poincaré series. If we denote by
P(t) the Poincaré series of HH∗(K PSL2(q)), then by Proposition 2.7 the Poincaré series
of HH∗(B0) takes the form
P(t)− q − 3
4
− (r − 1)2n−2
(
1
1− t
)
which is actually equal to the expression given in the theorem. ✷
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3.1. Semidihedral type—one simple module
Let B be a block with a semidihedral defect group SD = SD2n of order 2n and with one
simple module (up to isomorphism). ThenB is a nilpotent block andB is Morita equivalent
to the group algebraKSD of its defect group. As a consequence, there is an isomorphism in
Hochschild cohomology HH∗(B)∼= HH∗(KSD). We consider the additive decomposition
HHi (KSD) ∼= ⊕g Hi (CSD(g),K) where the sum is taken over representatives of the
conjugacy classes. Let the semidihedral group SD be given by the presentation
SD = 〈N,S |NS =N−1+2n−2, N2n = 1, S2 = 1〉.
Then SD has 2n−2 + 3 conjugacy classes where a complete set of representatives is
provided by the following elements: 1 and N2n−2 being central, S with centralizer a Klein
four group, NS with centralizer cyclic of order 4, and Nj where 1  j  2n−2 − 1
with centralizer cyclic of order 2n−1. Accordingly, the Hochschild cohomology groups
decompose as
HHi (KSD)∼= Hi (SD,K)⊕2 ⊕Hi (V4,K)⊕Hi (C4,K)
⊕ Hi (C2n−1,K)⊕2
n−2−1. (∗)
Apart from the cohomology of the semidihedral group itself these cohomology groups were
already discussed in the preceding sections. The ring structure of the mod 2 cohomology
of the semidihedral group was determined by H. Munkholm [33] and by L. Evens and
S. Priddy [24]. We shall only need the dimensions of the cohomology groups.
Proposition 3.1. Let SD= SD2n be the semidihedral group of order 2n.
(1) The dimensions of the mod 2 cohomology groups are given by:
dimK H0(SD,K)= 1, dimK Hi (SD,K)= 2 for i = 1,2,3
and for all i  0 we have
dimK Hi+4(SD,K)= dimK Hi (SD,K)+ 2.
(2) The Poincaré series of the mod 2 cohomology of SD has the form
1+ t
(1− t)(1− t4) .
By this result we know the dimensions of all cohomology groups on the right-hand side
of the decomposition (∗), and we can state the main result of this section.
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simple module.
(1) The dimensions of the Hochschild cohomology groups of B are given by:
dimK HH0(B)= 2n−2 + 3, dimK HH1(B)= 2n−2 + 6,
dimK HH2(B)= 2n−2 + 7, dimK HH3(B)= 2n−2 + 8,
dimK HHi+4(B)= dimK HHi (B)+ 8 for all i  0.
(2) The Poincaré series of HH∗(B)=⊕i0 HHi (B) has the form
2n−2 + 3+ 3t + t2 + t3 − 2n−2t4
(1− t)(1− t4) .
Proof. Recall that since B is nilpotent we have HH∗(B)∼= HH∗(KSD).
(1) Recall also that dimK Hi (V4,K) = i + 1 for all i  0, and that the mod 2
cohomology of a cyclic group of even order is one-dimensional in each degree. Combining
this with the preceding result on the mod 2 cohomology of SD the dimensions in low
degrees are immediate. For the higher degrees let i  1; then by part (2) of the preceding
proposition we have
dimK HHi+4(B)= 2
(
dimK Hi (SD,K)+ 2
)+ (i + 5)+ 2n−2 = dimK HHi (B)+ 8.
(2) Using the decomposition (∗), the Poincaré series is
2(1+ t)
(1− t)(1− t4) +
1
(1− t)2 +
1
1− t +
2n−2 − 1
1− t
which is seen by direct calculation to be equal to the expression stated in the theorem. ✷
3.2. Semidihedral type—three simple modules
Let B be a block with semidihedral defect groups of order 2n and with three simple
modules. Any two blocks with semidihedral defect groups of the same order and with
three simple modules are derived equivalent [29, Corollary 3.2.20]. In particular, their
Hochschild cohomology groups are isomorphic. Hence, for our purposes it suffices to
consider, for a given defect, one particular block with semidihedral defect group and with
three simple modules. Examples of such blocks are provided by the principal 2-blocks
of PSL3(q) where q ≡ 3 (mod 4) [16,20]. So we can restrict our considerations to the
cohomology groups of these principal blocks.
The main result of this section is the following.
Theorem 3.3. Let B be a block with semidihedral defect group of order 2n and with three
simple modules.
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dim HH0(B)= 2n−2 + 4 = dim HH3(B), dim HH1(B)= 2n−2 + 2 = dim HH2(B),
dim HH4(B)= 2n−2 + 5
and for i  1 we have
dim HHi+4(B)= dim HHi (B)+ 2+
{
0, i ≡ 0 (mod 3),
1, else.
(2) The Poincaré series of the Hochschild cohomology ring of B has the form
2n−2 + 4− 2t + 2t3 + t4 + t7 + 2t8 − t10 + 2t11 − (2n−2 + 2)t12 + t13
(1− t)(1− t12) .
The rest of this subsection will be dealing with the proof of this theorem.
The block theory of PSL3(q), q ≡ 3 (mod 4)
The character theory of the group PSL3(q) was studied in detail by Simpson and Frame
in [40], to which we also refer for details. It depends on the value of d := gcd(3, q−1). We
can restrict to the case where d = 1, i.e., PSL(3, q)∼= SL(3, q). In fact, this follows from
the number theoretic result provided in the section on dihedral blocks with three simple
modules (Proposition 2.3). It is only in the semidihedral situation to be discussed now that
the additional assumption in Proposition 2.3 that q ≡ 1 (mod 3) comes into play.
Proposition 3.4. Let B be a block with semidihedral defect groups of order 2n and with
three simple modules. Then there exists a prime power q where q ≡ 3 (mod 4) and d :=
gcd(3, q−1)= 1 such thatB is derived equivalent to the principal 2-blockB0(K PSL3(q))
of the projective special linear group PSL3(q). In particular, the Hochschild cohomology
of B is isomorphic to the Hochschild cohomology of B0(K PSL3(q)).
So from now on we assume that d := gcd(3, q − 1) = 1, i.e., we consider the group
PSL3(q)∼= SL3(q). We shall need the conjugacy class structure, which we reproduce here
from [40] for the convenience of the reader. In the following table the elements ρ ∈ Fq ,
σ , τ are chosen such that ρq−1 = 1, σq+1 = ρ and τq2+q+1 = 1. Altogether, the group
SL3(q) has q2 + q conjugacy classes. The corresponding centralizers of elements (up to
isomorphism) or at least their orders are also given in Table 2.
By a result of M. Broué the 2-blocks of SL3(q) are in bijection with conjugacy classes of
semisimple elements of odd order [9]. If g represents such a class then a Sylow 2-subgroup
of the centralizer C(g) is a defect group of the block. Applying this result to our situation
with the above conjugacy classes we obtain the following information on the 2-blocks of
SL3(q).
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Conjugacy class/ Parameters Number Centralizer
Representative of classes
C1 =

 1 1
1

 1 PSL3(q)
C2 =

 11 1
1

 1 q3(q − 1)
C3 =

 11 1
1 1

 1 q2
C
(k)
4 =

 ρk ρk
ρ−2k

 1 k  q − 2 q − 2 GL2(q)
C
(k)
5 =

 ρk1 ρk
ρ−2k

 1 k  q − 2 q − 2 q(q − 1)
1 k < l < m q − 1,
C
(k,l,m)
6 =

 ρk ρl
ρm

 k + l+m≡ 0 (q − 1) q2 + q6 − q + 1 F∗q × F∗q
1 k  q2 − 1,
C
(k)
7 =

 ρk σ−k
σ−qk

 k ≡ 0 (q + 1), C(k) =C(qk) q(q − 1)2 GL1(q2)
1 k  q2 + q,
C
(k)
8 =

 τ
k
τqk
τq
2k

 C(k) =C(qk) = C(q2k) q2 + q3 q2 + q + 1
Proposition 3.5. Let q ≡ 3 (mod 4) be a prime power such that gcd(3, q − 1)= 1, and let
2n−2 be the exact power of 2 dividing q + 1. Then the decomposition of the group algebra
of PSL3(q)∼= SL3(q) into 2-blocks is as given in Table 3.
Table 3
Representative Number of blocks Defect group l(B) k(B)
C1 1 SD2n 3 2n−2 + 4
C
(k)
4
q − 3
2
SD2n 2 2n−2 + 4
C
(k,l,m)
6
(q − 3)(q − 5)
24
C2 ×C2 1 4
C
(k)
7
(q − 1)(q − 2n−2 + 1)
2n
C2n−1 1 2
n−1
C
(k)
8
q2 + q
3
{1} 1 1
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have to find the semisimple elements of odd order.
Clearly, the identity element C1 satisfies these conditions; the centralizer is SL3(q)
itself, a Sylow 2-subgroup is the semidihedral group of order 2n. The corresponding
2-block is the principal block having three simple modules. The number k(B) of ordinary
irreducible characters in the block is 2n−2 + 4 by [34, Lemma 3.3].
The representatives C2 and C3 are not semisimple.
The elementsC(k)4 are semisimple. The order ofC
(k)
4 is odd if and only if k is even (recall
that q ≡ 3 (mod 4)). This happens for exactly (q − 3)/2 of the parameters k = 1, . . . , q−2,
as claimed. The centralizer consists of matrices of the form
(
A 0
0 det(A)−1
)
and is hence isomorphic to GL2(q). In particular, the Sylow 2-subgroups are also
semidihedral of order 2n. The computation of the numbers l(B) and k(B) are postponed
to the end of the proof. It will turn out that these non-principal blocks of maximal defect
have two simple modules.
The representatives C(k)5 are not semisimple.
The representatives C(k,l,m)6 are semisimple and the order is odd if and only if k, l and
m are even (again use that q ≡ 3 (mod 4)). The number of even parameters satisfying the
conditions 1 k < l < m q − 1 and k + l +m≡ 0 (mod q − 1) is by a straightforward
counting argument seen to be (q − 3)(q − 5)/24. The corresponding centralizers are
isomorphic to a direct productF∗q×F∗q of two cyclic groups of order q−1. In particular, the
Sylow 2-subgroups are isomorphic to a Klein four group (again use that q ≡ 3 (mod 4)).
The representativesC(k)7 are semisimple. The order of C
(k)
7 is equal to the least common
multiple lcm(ord(ρk),ord(σ−k)). Since σq+1 = ρ, the order of σ is q2−1, for which 2n−1
is the maximal 2-power dividing it. Hence ord(σ−k) = (q2 − 1)/gcd(q2 − 1, k) is odd if
and only if 2n−1 | k. Clearly, in this case also ord(ρk) is odd. So we have to count the
number of parameters 1  k  q2 − 1 with k ≡ 0 (mod q + 1), such that 2n−1 | k. There
are exactly (q − 1)(q − (2n−2 − 1))/2n−1 such parameters. (We leave the details of the
verification to the reader.) Since k and qk give the same conjugacy class there are exactly
(q − 1)(q − (2n−2 − 1))/2n different 2-blocks coming from this family of representatives.
The centralizers are isomorphic to GL1(q2). In particular, their Sylow 2-subgroups are
cyclic. The corresponding blocks have cyclic defect groups of order 2n−1. The numbers
of characters in cyclic blocks are well-known: we have l(B) = 1 (in fact, we are in
characteristic 2 and l(B) has to divide p−1 [25, VII.1.3]) and k(B)= 2n−1 [25, VII.2.12].
The representatives C(k)8 are semisimple. Their centralizers have odd order q2 + q + 1,
hence all the elements themselves have odd order. So these (q2 + q)/3 conjugacy classes
give (q2 + q)/3 blocks of defect zero. In particular, l(B)= k(B)= 1 for these blocks.
For completing the proof it remains to show the statements about the numbers l(B) and
k(B) in the cases C(k)4 and C
(k,l,m)
6 . For this we shall consider the numbers of ordinary
irreducible characters in the various blocks.
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height 0 [25, VII.2.16].
By a result of R. Brauer, every block with Klein four defect group consists of four
ordinary characters each of which has height 0 [8, Theorem 1].
The principal block of SL3(q) with semidihedral defect group of order 2n has three
simple modules and thus, k(B)= 2n−2 + 4 [34, 3.16].
So we know the number of ordinary characters in each 2-block except for the non-
principal blocks of maximal defect. There are only two possibilities: the number of
ordinary characters is either 2n−2 + 3 or 2n−2 + 4 [34, 3.14–3.16].
Recall that the number of ordinary irreducible characters of a finite group equals the
number of conjugacy classes of the group. For SL3(q) we have q2 + q conjugacy classes.
Hence the number of ordinary characters contained in the (q − 3)/2 non-principal blocks
of maximal defect is equal to
q2 + q − (2n−2 + 4)− (q − 3)(q − 5)
24
· 4− (q − 1)(q − 2
n−2 + 1)
2n
· 2n−1 − q
2 + q
3
= q − 3
2
· (2n−2 + 4). (∗∗)
It follows that k(B) = 2n−2 + 4 for all the non-principal blocks of maximal defect. By
[34, 3.13], we have l(B) > 1 for these blocks.
It remains to determine the numbers l(B) for the non-principal blocks of maximal defect
and the blocks with Klein four defect group. For the latter, the possibilities for l(B) are 1
or 3, for the former the possibilities are 2 or 3 (since we excluded l(B)= 1 already).
By a standard fact from modular representation theory, the number of simple modules
for the whole group algebra (over characteristic 2) equals the number of 2′-conjugacy
classes. Let us first determine the latter for SL3(q). For the semisimple elements this was
already done when we determined the blocks. The non-semisimple representatives C2 and
C3 have order equal to the characteristic p of the field Fq , i.e., they give another two
2′-conjugacy classes. The order of the representative C(k)5 is odd if and only if k is even, so
this gives another (q − 3)/2 conjugacy classes of elements of odd order.
Now, comparing the number of 2′-conjugacy classes with the number of simple
modules in the blocks known so far, which was 3 for the principal block and 1 for
the blocks corresponding to the conjugacy classes C7 and C8, there are only q − 3 +
(q − 3)(q − 5)/24 simple modules left for the (q − 3)/2 blocks corresponding to C4 and
the ((q − 3)(q − 5))/24 blocks corresponding to C6. Since l(B)  2 for the former (and
of course l(B) 1 for the latter) there is only one possibility for the distribution of simple
modules in these blocks. Namely, l(B)= 2 for the blocks of maximal defect, and l(B)= 1
for the blocks with Klein four defect group. ✷
Hochschild cohomology of the 2-blocks of SL3(q) of non-maximal defect
Our main aim is to determine the dimensions of the Hochschild cohomology groups
of the principal 2-block B0 = B0(SL3(q)). To this end it will be necessary to understand
the Hochschild cohomology of all non-principal 2-blocks of SL3(q) as listed in Table 3.
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of blocks B˜ with Klein four defect group were determined in Section 2.1: for all i  0
we have dimK HHi (B˜) = 4(i + 1). The 2-blocks B̂ with cyclic defect group C2n−1 have
one simple module, hence are nilpotent and thus Morita equivalent to the group algebra
KC2n−1 . In particular, dimK HHi (B̂)= 2n−1 for all i  0 [28]. The 2-blocks B ′ of defect
zero are simple algebras isomorphic to full matrix rings over K , i.e., dimK HH0(B ′) = 1
and dimK HHi (B ′)= 0 for all i  1.
Hochschild cohomology of the non-principal 2-blocks of SL3(q) with maximal defect
We have to determine the dimensions of the Hochschild cohomology groups of the
(q − 3)/2 non-principal blocks of maximal defect. The way to achieve this is to study their
Brauer correspondents in the centralizer GL2(q) of the corresponding elements C(k)4 . This
situation is a special case of a very general and recent result of C. Bonnafé and R. Rouquier
[6] (proving a conjecture of M. Broué [10]). The precise statement is rather technical and
we do not need it for our purposes, so we just summarize it in a few words. For fundamental
notations and results on simple groups of Lie type we refer to the book [13]. Let G be an
algebraic group (defined over characteristic p) with corresponding finite group GF . Let
L⊆G be an F -stable Levi subgroup with dual L∗ ⊆G∗. Moreover, let l = p be another
prime and assume that s is a semisimple element in L∗F ∗ of order prime to l. One can
associate to (L, s) and (G, s) a sum of blocks B(L, s) of RLF and B(G, s) of RGF ,
respectively. (Here, R denotes a valuation ring of an algebraic closure of the l-adic field,
with algebraically closed residue field k of characteristic l.)
Theorem 3.6 (Bonnafé, Rouquier [6, Théorèmes B′, 11.8]).
(1) If CG∗(s) ⊆ L∗, then the Lusztig functor RGL induces a Morita equivalence between
the algebras B(L, s) and B(G, s).
(2) If CG∗(s)= L∗ then the Lusztig functor RGL induces a Morita equivalence between the
algebras B(L,1) and B(G, s).
We shall need only the following very special case. It can be obtained by applying the
general result in the situation where the prime l is 2 and the algebraic group is G = SL3
with dual group G∗ = PGL3. The semisimple elements we have to consider are s = C(k)4 as
above (respectively their cosets in PGL3), whose centralizers are actually Levi subgroups.
Then the second part of Theorem 3.6 implies that there exists a Morita equivalence between
the block of GF = SL3(q) parametrized by s = C(k)4 and the principal block (parametrized
by 1) of the Levi subgroup LF = GL2(q). For details we refer to the original article [6].
Corollary 3.7. Let q ≡ 3 (mod 4) be a prime power such that gcd(3, q − 1)= 1. Then any
non-principal 2-block with maximal defect of SL3(q) is Morita equivalent to its Brauer
correspondent in GL2(q). In particular, all non-principal 2-blocks with maximal defect
of SL3(q) are Morita equivalent, and are Morita equivalent to the principal 2-block of
GL2(q).
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GL2(q). The strategy is similar to the one we are following right now for the principal
2-block of SL3(q). Since in this subsection we are mainly concerned with the Hochschild
cohomology of the latter block we postpone a detailed proof of the following result to an
appendix at the end of this subsection.
Proposition 3.8. Let q ≡ 3 (mod 4) be a prime power such that gcd(3, q − 1) = 1, and
let 2n−2 be the exact power of 2 dividing q + 1. Moreover, let b be one of the following
2-blocks: (i) a non-principal block of SL3(q) of maximal defect or (ii) a block of GL2(q)
of maximal defect.
(1) The Hochschild cohomology groups of the block b have the following dimensions:
dimK HH0(b)= 2n−2 + 4, dimK HH1(b)= 2n−2 + 5,
dimK HH2(b)= 2n−2 + 6, dimK HH3(b)= 2n−2 + 9,
and for all i  0 we have dimK HHi+4(b)= dimK HHi (b)+ 8.
(2) The Poincaré series of the Hochschild cohomology ring of b has the following form:
2n−2 + 4+ t + t2 + 3t3 − (2n−2 − 1)t4
(1− t)(1− t4) .
Proof. See the appendix. ✷
Hochschild cohomology of the group algebra K SL3(q): via group cohomology of
centralizers
In this section we compute the dimensions of the Hochschild cohomology groups
of the group algebra K SL3(q) by using the decomposition of Hochschild cohomology
of a group algebra KG via group cohomology: HHi (KG) ∼= ⊕g Hi (CG(g),K). The
conjugacy classes and their centralizers were listed in Table 2 above. We shall need the
mod 2 cohomology of all of these groups which we collect in the following auxiliary
result. For abbreviation we often omit in the sequel the coefficient ring K .
Lemma 3.9. Let q ≡ 3 (mod 4) be a prime power such that gcd(3, q − 1)= 1. We keep
the notations for the representatives of the conjugacy classes of SL3(q).
(1) Set di = dimK Hi (SL3(q)). Then d0 = 1, d1 = d2 = 0, d3 = d4 = 1, and for i  0 we
have
di+4 = di +
{
0, if i ≡ 0 (mod 3),
1, else.
(2) The mod 2 cohomology of the centralizers of the conjugacy classes represented by the
elements C2, C5 and C7 is one-dimensional in each degree.
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and C8 is concentrated in degree 0.
(4) Set d ′i := dimK Hi (GL2(q)). Then d ′0 = d ′1 = d ′2 = 1, d ′3 = 2, and for i  0 we have
d ′i+4 = d ′i + 2.
(5) The mod 2 cohomology of the centralizer of the conjugacy classes represented by C6 is
isomorphic to the cohomology of the Klein four group, i.e., the ith cohomology group
has dimension i + 1 for all i  0.
Proof. (1) and (4). The structure of the mod 2 cohomology rings of groups with
semidihedral Sylow 2-subgroups was determined by J. Martino (see [32]). A different proof
(using representation theory) can be found in a paper of H. Sasaki [39].
The group SL3(q) occurs as Case (SD0) in [32] and as Type I in [39], respectively. The
dimensions for the lower six cohomology groups can be found in [39, Proposition 6.1] and
[39, Theorem 4.1(2)] gives the recursive formula for the higher degrees.
The group GL2(q) occurs as Case (SD1) in [32] and as Type III in [39]. We get from
[39, Proposition 6.3] the dimensions d ′i for 0 i  3 as stated, and [39, Theorem 4.1(3)],
gives the formula for the higher degrees.
(2) The centralizer of C7 is isomorphic to GL1(q2), a cyclic group of order q2 − 1,
whose cohomology is well-known to be one-dimensional in each degree [3, 3.5.5].
The centralizer of C2 is a T.I. set (since it has cyclic Sylow 2-subgroup of order 2)
and thus we can apply [3, 3.6.19], saying that the cohomology of the whole group (i.e.,
the centralizer of C2) is isomorphic to the cohomology of the normalizer U of the Sylow
subgroup. The latter can be shown to be isomorphic to the direct product Faddq × F∗q of the
additive group of Fq and a cyclic group of order q − 1. Since the first factor has odd order,
our claim on the cohomology of the centralizer of the representative C2 follows directly.
The centralizer of the representative C5 is just the normalizer U considered above.
So the above argument applies and proves the assertion also for the conjugacy classes
of type C5.
(3) This assertion is immediate since the orders of the centralizers of C3 and C8 are odd.
(5) The centralizer is isomorphic to a direct product F∗q × F∗q , i.e., a direct product of
two cyclic groups Cq−1 of order q − 1. By the Künneth theorem the cohomology is the
tensor product of two copies of the cohomology of Cq−1 where the latter is isomorphic
to a polynomial ring in one generator of degree 1 ([3, 3.5.5]; recall that q ≡ 3 (mod 4)).
Hence, the cohomology of the centralizer is a polynomial ring in two generators of degree
one. ✷
Now the additive decomposition of Hochschild cohomology in terms of mod 2 group
cohomology of centralizers takes the following form for G= SL3(q):
HHi
(
KSL3(q)
)∼= Hi(SL3(q))⊕ Hi(GL2(q))⊕q−2
⊕ Hi (C2)⊕
(q−1)(q+2)
2 ⊕Hi (C2 ×C2)⊕
(q−2)(q−3)
6 ⊕ Hi({1})⊕ q2+q3 +1.
All dimensions of the cohomology groups of the centralizers occurring in the above
decomposition are known by the preceding lemma, and a somewhat tedious though
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cohomology groups of the group algebra of SL3(q). We leave the computational details to
the reader.
Proposition 3.10. Let q ≡ 3 (mod 4) be a prime power such that gcd(3, q − 1) = 1.
Then the dimensions of the Hochschild cohomology groups of the group algebra of
PSL3(q)∼= SL3(q) (in characteristic 2) are given as follows:
dimK HH0
(
K SL3(q)
)= q2 + q, dimK HH1(K SL3(q))= 5q2 − q − 66 ,
dimK HH2
(
K SL3(q)
)= q2 − q, dimK HH3(K SL3(q))= q(7q − 5)6 ,
dimK HH4
(
K SL3(q)
)= 2q(2q − 1)
3
− 1,
and for all i  1 we have
dimK HHi+4
(
K SL3(q)
)= dimK HHi(K SL3(q))+ 2q(q − 2)3 +
{
0, if i ≡ 0 (mod 3),
1, else.
Hochschild cohomology of the principal 2-block of SL3(q)—the proof of Theorem 3.3
We can now put together the information collected above to determine the dimensions
of the Hochschild cohomology groups of the principal 2-block of SL3(q). Since all
blocks with common semidihedral defect group and with three simple modules are derived
equivalent, this is then also the final step in the proof of Theorem 3.3, the main result in
this section.
By Proposition 3.5 the group algebra K SL3(q) decomposes into 2-blocks as follows:
B0 ⊕B1 ⊕ · · · ⊕Bq−3
2
⊕ B˜1 ⊕ · · · ⊕ B˜ (q−3)(q−5)
24
⊕ B̂1 ⊕
· · · ⊕ B̂ (q−1)(q−2n−2+1)
2n
⊕B ′1 ⊕ · · · ⊕B ′q2+q
3
where the Bi have defect group SD2n (B0 denotes the principal block), the B˜i have Klein
four defect group, the B̂i have cyclic defect group C2n−1 and the B ′i are blocks of defect
zero. Up to Morita equivalence this decomposition takes the form
K SL3(q)≈ B0 ⊕ b0
(
GL2(q)
)⊕ q−32 ⊕KV⊕ (q−3)(q−5)24 ⊕ (KC2n−1)⊕ (q−1)(q−2n−2+1)2n
⊕K⊕ q
2+q
3 ,
where b0(GL2(q)) is the principal 2-block of GL2(q) (i.e., up to Morita equivalence the
Brauer correspondent of the principal and non-principal 2-blocks of SL3(q) of maximal
defect).
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tion 3.10) and for all blocks on the right-hand side (for b0(GL2(q)) by Proposition 3.8),
except for the principal block B0. So the dimensions of the Hochschild cohomology of the
latter can then be directly calculated to give the following result, the final step in the proof
of Theorem 3.3. Again this is a straightforward but tedious calculation, and we leave the
details to the reader.
Proposition 3.11. Let q ≡ 3 (mod 4) be a prime power such that gcd(3, q − 1)= 1, and
let 2n−2 be the exact power of 2 dividing q + 1. Let B0 be the principal 2-block of SL3(q).
(1) The Hochschild cohomology groups of B0 have the following dimensions:
dim HH0(B0)= 2n−2 + 4 = dim HH3(B0),
dim HH1(B0)= 2n−2 + 2 = dim HH2(B0), dim HH4(B0)= 2n−2 + 5,
and for i  1 we have
dim HHi+4(B0)= dim HHi (B0)+ 2+
{
0, i ≡ 0 (mod 3),
1, else.
(2) The Poincaré series of the Hochschild cohomology ring of B0 has the following form:
2n−2 + 4− 2t + 2t3 + t4 + t7 + 2t8 − t10 + 2t11 − (2n−2 + 2)t12 + t13
(1− t)(1− t12) .
3.3. Appendix: Semidihedral type—two simple modules: Hochschild cohomology of the
principal 2-block of GL2(q)
In this subsection let G = GL2(q) be the general linear group over the finite field Fq ,
where as before q ≡ 3 (mod 4) and d = gcd(3, q − 1)= 1.
The block theory of GL2(q), q ≡ 3 (mod 4)
Let b0 = b0(GL2(q)) be the principal 2-block of GL2(q). It has semidihedral defect
groups of order 2n (where 2n−2 is the exact power of 2 dividing q + 1). An application
of Brauer correspondence gives that the group GL2(q) has exactly (q − 1)/2 blocks of
maximal defect, all of which are Morita equivalent to each other [16, pp. 272, 273]. A more
detailed discussion of all 2-blocks of GL2(q) will be given below. Being Morita equivalent
to the non-principal blocks of SL3(q) of maximal defect (cf. Corollary 3.7) the principal
block of GL2(q) also has two simple modules and it contains 2n−2 +4 ordinary irreducible
characters.
We shall need the precise block structure of GL2(q). The 2-blocks of GL2(q) are
parametrized by conjugacy classes of semisimple elements of odd order [9]. A defect group
of the block corresponding to such a conjugacy class is given by a Sylow 2-subgroup of the
centralizer. For further reference we include a brief discussion of some well-known facts
on conjugacy classes and corresponding centralizers. The general linear group GL2(q) has
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Conjugacy class/ Parameters Number Centralizer
Representative of classes
c
(i)
1 =
(
αi
αi
)
1 i  q − 1 q − 1 GL2(q)
c
(i)
2 =
(
αi
1 αi
)
1 i  q − 1 q − 1 q(q − 1)
c
(i,j)
3 =
(
αi
αj
)
1 i < j  q − 1 (q − 1)(q − 2)
2
F
∗
q × F∗q
c
(i)
4 =
(
ωi
ωiq
) 1 i  q2 − 1 q(q − 1)
2
GL1(q2)
ωi /∈ Fq , c(i)4 = c(iq)4
q2 − 1 conjugacy classes. Details are listed in the following Table 4. Let α be a primitive
element of the finite field Fq . Let ω be a primitive element of the extension Fq2 , i.e.,
ωq
2−1 = 1.
Proposition 3.12. Let q ≡ 3 (mod 4) be a prime power such that gcd(3, q − 1)= 1, and
let 2n−2 be the exact power of 2 dividing q + 1. Then the group algebra of GL2(q) has the
following 2-blocks:
Representative Number of blocks Defect group l(B) k(B)
c
(i)
1
q − 1
2
SD2n 2 2n−2 + 4
c
(i,j)
3
(q − 1)(q − 3)
8
C2 ×C2 1 4
c
(i)
4
(q − 1)(q − 2n−2 + 1)
2n
C2n−1 1 2
n−1
Proof. The proof goes along the same lines as the proof for the blocks of PSL3(q)
in Proposition 3.5. The 2-blocks of GL2(q) are parametrized by conjugacy classes of
semisimple elements of odd order and a Sylow 2-subgroup of the corresponding centralizer
is a defect group of the block.
The elements c(i)1 are semisimple. Their order is odd if and only if i is even (recall
that q ≡ 3 (mod 4)). Hence there are (q − 1)/2 blocks, each with semidihedral defect
group of order 2n. Being Morita equivalent to the non-principal blocks of maximal defect
of SL3(q) (Corollary 3.7) we have l(B) = 2 and k(B) = 2n−2 + 4 for these blocks (cf.
Proposition 3.5).
The elements c(i)2 are not semisimple.
The elements c(i,j)3 are semisimple. Their order is odd if and only if i and j are both
even. These even parameters have to satisfy 1 i < j  q−1, so we get (q − 1)(q − 3)/8
blocks corresponding to the elements c(i,j). The centralizers are a direct product of cyclic3
T. Holm / Journal of Algebra 271 (2004) 798–826 819groups of order q − 1, hence the corresponding defect groups are Klein four groups (again
use that q ≡ 3 (mod 4)). By a result of R. Brauer we have k(B)= 4 for each block B with
Klein four defect group [8]. We shall discuss the numbers l(B) at the end of this proof.
The elements c(i)4 are semisimple. The discussion of their orders, number of blocks and
defect groups carries over verbatim from the discussion for the elements C(k)7 in the proof
of Proposition 3.5. In fact, the parameter set is the same, and the matrices correspond
(more precisely, the right lower 2 × 2 submatrix of C(k)7 is of type c(k)4 ). Moreover,
the centralizers are in both cases isomorphic to GL1(q2). In particular, there are also
(q − 1)(q − 2n−2 + 1)/2n such blocks, each with cyclic defect group of order 2n−1. For
such blocks we have k(B)= 2n−1 [25, VII.2.16]. Since the number of simple modules in
a cyclic p-block has to divide p − 1 [25, VII.1.3] and we are in characteristic 2 we have
l(B)= 1 for all these blocks.
It remains to determine the numbers l(B) for the Klein four blocks. For the blocks of
maximal defect we already obtained above that l(B)= 2. For the conjugacy classes of type
c1, c3 and c4 we have already calculated the number of elements of odd order. The non-
semisimple elements c(i)2 have odd order if and only if i is even, giving another (q − 1)/2
conjugacy classes of elements of odd order.
Counting and comparing the number of 2′-conjugacy classes and the numbers l(B)
known so far, the only possibility for the Klein four blocks is that l(B)= 1, as claimed. ✷
Hochschild cohomology of the group algebra K GL2(q): via group cohomology of
centralizers
We shall compute the dimensions of the Hochschild cohomology groups of the
group algebra of GL2(q) by using the decomposition HHi (KG) ∼=⊕g H i(CG(g),K).
Representatives g of the conjugacy classes and information on the centralizers were listed
in Table 4 above. The necessary information on the mod 2 cohomology of the centralizers
is collected in the following result.
Lemma 3.13. Let q ≡ 3 (mod 4) be a prime power such that gcd(3, q − 1)= 1. We keep
the above notations for the representatives of the conjugacy classes of elements in GL2(q).
(1) Set hi := dimK Hi (GL2(q),K). Then h0 = h1 = h2 = 1, h3 = 2, and for all i  0 we
have hi+4 = hi + 2.
(2) The mod 2 cohomology of the centralizers of the representatives c(i)2 and c(i)4 has
dimension one in each degree.
(3) The mod 2 cohomology of the centralizers of the representatives c(i)3 is isomorphic to
the cohomology of the Klein four group, i.e., the ith cohomology group has dimension
i + 1 for all i  0.
Proof. (1) The assertion for GL2(q) was already proved in Lemma 3.9.
(2) The centralizer of the representative c(i)2 is isomorphic to a direct product Cq−1 ×
F
add
q . By the Künneth formula, its mod 2 cohomology is isomorphic to the cohomology of
Cq−1 which is well-known to be one-dimensional in each degree.
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group of order q2 − 1. Again, the mod 2 cohomology is one-dimensional in each degree.
(3) The centralizers of the representatives c(i,j)3 are isomorphic to F∗q × F∗q , a direct
product of cyclic groups of order q − 1. The assertion on the mod 2 cohomology follows
then directly from the Künneth formula. ✷
This information enables us now to compute the dimensions of the Hochschild
cohomology groups of the group algebra K GL2(q).
Proposition 3.14. Let q ≡ 3 (mod 4) be a prime power such that gcd(3, q − 1)= 1. Then
the dimensions of the Hochschild cohomology groups of the group algebra of GL2(q) are
as follows:
dimK HH0
(
K GL2(q)
)= q2 − 1, dimK HH1(K GL2(q))= 3q(q − 1)2 ,
dimK HH2
(
K GL2(q)
)= (q − 1)(2q − 1), dimK HH3(K GL2(q))= (q − 1)(5q − 2)2 ,
and for all i  0 we have
dimK HHi+4
(
K GL2(q)
)= dimK HHi(K GL2(q))+ 2(q − 1)2.
Proof. Again we use the additive decomposition HHi (K GL2(q))∼=⊕g Hi (C(g),K) for
computing the dimensions. Then the dimensions for the low degrees are easily calculated
using Lemma 3.13 and the above information on the conjugacy classes in Table 4. We
leave the details to the reader and only calculate the formula for the higher degrees. As in
Lemma 3.13 we set hi := dimK Hi (GL2(q),K). For any i  0 we have
dimK HHi+4
(
K GL2(q)
)= (q − 1)hi+4 + q − 1+ (q − 1)(q − 2)2 (i + 4+ 1)+ q(q − 1)2
= dimK HHi
(
K GL2(q)
)+ 2(q − 1)+ 2(q − 1)(q − 2)
= dimK HHi
(
K GL2(q)
)+ 2(q − 1)2. ✷
Hochschild cohomology of the 2-blocks of GL2(q) of maximal defect
We denote by bi (where 0 i  (q − 3)/2) the blocks of GL2(q) with maximal defect,
by b˜i (where 1  i  (q − 1)(q − 3)/8) the blocks with Klein four defect group and by
bˆi (where 1  i  (q − 1)(q − 2n−2 + 1)/2n) the blocks with cyclic defect groups. The
blocks b˜i have Klein four defect group and only one simple module. In particular, the ith
Hochschild cohomology group of b˜i has dimension 4(i+1) (cf. the section on blocks with
Klein four defect group). The blocks bˆi with cyclic defect group have one simple module.
Hence we have that dimK HHi (bˆi)= 2n−1 for all i  0 [28].
Using these informations and the additivity of Hochschild cohomology we obtain from
the block decomposition of K GL2(q) the following formula for the dimensions of the
Hochschild cohomology groups:
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2
· dimK HHi (b0)= dimK HHi
(
K GL2(q)
)− (q − 1)(q − 3)
8
· 4(i + 1)
− (q − 1)(q − 2
n−2 + 1)
2n
· 2n−1.
All summands on the right-hand side are known by the preceding proposition. We are
therefore in the position to achieve the main goal of this appendix.
Proof of Proposition 3.8. It is straightforward to check the formulas for the low degrees.
We leave the details to the reader. For the higher degrees we have for any i  0 that
q − 1
2
· dimK HHi+4(b)
= dimK HHi
(
K GL2(q)
)+ 2(q − 1)2 − (q − 1)(q − 3)
2
· (i + 1+ 4)
− (q − 1)(q − 2
n−2 + 1)
2
= q − 1
2
· dimK HHi (b)+ 2(q − 1)2 − 2(q − 1)(q − 3)
= q − 1
2
(
dimK HHi (b)+ 8
)
which proves the claim in part (1) of the theorem.
For (2) note that because of the recursion formula the Poincaré series takes the form
((
2n−2 + 4)+ (2n−2 + 5)t + (2n−2 + 6)t2 + (2n−2 + 9)t3) · 1
1− t4
+ 8
1− t
(
1
1− t4 − 1
)
.
A direct calculation shows that it is equal to the rational function given in part (2). ✷
4. Quaternion defect group
4.1. Quaternion type—one simple module
Let B be a block with a (generalized) quaternion defect group Q of order 2n (where
n 3) and with one isomorphism class of simple modules. Then B is a nilpotent block and
therefore it is Morita equivalent to the group algebra KQ of its defect group. In particular,
HHi (B)∼= HHi (KQ) for all i  0. The quaternion group Q of order 2n can be described
by a presentation
Q= 〈x, s | sxs−1 = x−1, x2n−1 = 1, s2 = x2n−2 〉.
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elements: 1 and s2 being central, xi for i = 1, . . . ,2n−2−1 with centralizers cyclic of order
2n−1, and s and xs both with centralizer cyclic of order 4. The additive decomposition of
Hochschild cohomology takes for all i  0 the form
HHi (KQ)∼=Hi(Q,K)⊕2 ⊕Hi(C2n−1,K)⊕2
n−2−1 ⊕Hi(C4,K)⊕2. (∗)
The mod 2 cohomology of the cyclic 2-groups is well known to be 1-dimensional in
each degree. The mod 2 cohomology of the generalized quaternion group is periodic with
period 4. A proof for the additive structure can be found in the book of Z. Fiedorowicz and
S. Priddy [26, VI.5.2]. For the convenience of the reader we state the result.
Proposition 4.1. Let Q =Q2n be the (generalized) quaternion group of order 2n where
n 3. The dimensions of the cohomology groups with trivial coefficients are given by
dimK Hi (Q,K)=
{
1, if i ≡ 0 or 3 (mod 4),
2, if i ≡ 1 or 2 (mod 4).
We can now state the main result of this subsection. The proof is immediate from (∗)
and the preceding proposition. We leave the computations to the reader.
Theorem 4.2. Let B be a 2-block with a (generalized) quaternion defect group of order 2n
and with one isomorphism class of simple modules.
(1) The Hochschild cohomology of B is periodic with period 4 and
dimK HHi (B)=
{
2n−2 + 3, if i ≡ 0 or 3 (mod 4),
2n−2 + 5, if i ≡ 1 or 2 (mod 4).
(2) The Poincaré series of the Hochschild cohomology ring of B has the form
2n−2 + 3+ (2n−2 + 5)t + (2n−2 + 5)t2 + (2n−2 + 3)t3
1− t4 .
4.2. Quaternion type—three simple modules
Let B be a 2-block with a quaternion defect group of order 2n and with three
isomorphism classes of simple modules. In [19], K. Erdmann described the basic algebras
of all such blocks B by quivers with relations. Erdmann’s main result states that any block
with a quaternion defect group and with three simple modules is Morita equivalent to one
of the algebras
Q(3A)2n−22 or Q(3B)2
n−2
or Q(3K)2n−2
(in Erdmann’s notation [22]).
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and 2n−1 is the exact power of 2 dividing q − 1 then the principal 2-block of the special
linear group SL2(q) has a quaternion defect group of order 2n and is of type Q(3A)2n−22 .
If q ≡ 3 (mod 4) and 2n−1 is the exact power of 2 dividing q + 1 then the principal
2-block of SL2(q) has a quaternion defect group of order 2n and is of type Q(3K)2n−2 .
The only known example of a block of typeQ(3B) is the principal 2-block of the double
cover of the alternating group A7 with defect group of order 16.
Since Hochschild cohomology is invariant under derived equivalence the following
result provides a useful reduction step.
Proposition 4.3.
(1) All 2-blocks of finite groups with generalized quaternion defect group of the same
order and with three simple modules are derived equivalent.
(2) Let B be a block with generalized quaternion defect group of order 2n and with
three simple modules. Then B is derived equivalent to the principal 2-block B0 =
B0(K SL2(q)) of the special linear group SL2(q), where q is a prime power,
q ≡ 1 (mod 4), and 2n−1 is the exact power of 2 dividing q − 1 (or equivalently,
q ≡ 3 (mod 4), and 2n−1 is the exact power of 2 dividing q + 1).
In particular, the Hochschild cohomology ring of B is isomorphic to the Hochschild
cohomology ring HH∗(B0(SL2(q))).
Proof. (1) This is [29, Corollary 4.2.5].
(2) By part (1) it suffices to consider the principal block B0(K SL2(q)) with the given
assumptions on q . It only remains to be ensured that for given n  3 there always
exists a prime q with the desired properties. As in Proposition 2.3 it can be deduced
from Dirichlet’s theorem that there exist infinitely many prime numbers q such that
q ≡ 1 (mod 4), and 2n−1 is the exact power of 2 dividing q − 1. ✷
From now on we assume that q is a prime power, q ≡ 1 (mod 4), that 2n−1 is the
exact power of 2 dividing q − 1 and we study the Hochschild cohomology of the principal
2-block B0(SL2(q)).
We briefly describe the conjugacy classes of SL2(q) (cf. [15, Chapter 38], for details).
Consider the following matrices:
c :=
(
1 0
1 1
)
, d :=
(
1 0
ν 1
)
,
and a a diagonal matrix with entries ν and ν−1, where ν is a primitive element of the
finite field Fq . Moreover, SL2(q) contains an element b of order q + 1. SL2(q) has
q + 4 conjugacy classes where representatives are provided by the following elements:
the identity matrix E and −E being central; c, d , −c and −d each with centralizer
C2 × Faddq ; al for l = 1, . . . , (q − 3)/2 with centralizer cyclic of order q − 1, and bm for
m= 1, . . . , (q − 1)/2 with centralizer cyclic of order q + 1.
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the coefficient module K)
HHi
(
K SL2(q)
)∼= Hi(SL2(q))⊕2 ⊕Hi(Faddq ×C2)⊕4 ⊕ Hi (Cq−1)⊕ q−32
⊕Hi (Cq+1)⊕ q−12 . (∗)
The mod 2 cohomology of the cyclic groups Cq−1 and Cq+1 is one-dimensional in each
degree. This is also the case for C2 × Faddq , since the additive group has odd order. The
mod 2 cohomology of SL2(q) is periodic with period 4. More precisely,
dimK Hi
(
SL2(q),K
)= { 1, if i ≡ 0 or 3 (mod 4),0, if i ≡ 1 or 2 (mod 4)
(see [26, VI.5.5]). Thus, all dimensions on the right-hand side of the decomposition (∗) are
known and we have shown the following result.
Proposition 4.4. Let q be a prime power with q ≡ 1 (mod 4). Then for the Hochschild
cohomology of the group algebra of SL2(q) one has
dimK HHi
(
K SL2(q)
)= { q + 4, if i ≡ 0 or 3 (mod 4),
q + 2, if i ≡ 1 or 2 (mod 4).
In order to obtain the dimensions of the Hochschild cohomology groups for the principal
block we have to study the decomposition of K SL2(q) into 2-blocks. This is very similar
to the decomposition of the group algebra of PSL2(q)= SL2(q)/〈z〉 into 2-blocks. Every
character of PSL2(q) gives rise to two characters of SL2(q) in the obvious way. The
degrees remain the same but the 2-defects are increased by 1. Then the following result
follows from [12].
Proposition 4.5 (Burkhardt [12]). Let q be an odd prime power. If q ≡ 1 (mod 4) let
q − 1 = 2n−1r with r odd and s = (q − 1)/4. If q ≡ 3 (mod 4) let q + 1 = 2n−1r with
r odd and s = (q − 3)/4. Then SL2(q) has one 2-block of maximal defect (the principal
block), s cyclic 2-blocks of defect 1 and (r − 1)/2 cyclic 2-blocks of defect n− 1.
Write K SL2(q)= B0 ⊕ B˜1 ⊕ · · ·⊕ B˜s ⊕ B̂1 ⊕ · · ·⊕ B̂(r−1)/2 where B0 is the principal
block, the B˜j are the cyclic blocks of defect 1 and the B̂j have defect n−1. As the number
of simple modules e of a cyclic p-block divides p − 1 [25, VII.1.3], and since we are in
characteristic 2 we can deduce that e = 1 for all cyclic blocks occurring above. It then
follows that dimK HHi (B˜j )= 2 and dimK HHi (B̂j )= 2n−1 for all i  0 [27]. So we can
deduce for the Hochschild cohomology of the principal block
dimK HHi (B0)= dimK HHi
(
K SL2(q)
)− s∑dimK HHi(B˜j )−
r−1
2∑
dimK HHi
(
B̂j
)j=1 j=1
T. Holm / Journal of Algebra 271 (2004) 798–826 825= dimK HHi
(
K SL2(q)
)− q − 1
4
· 2− r − 1
2
· 2n−1
=
{
2n−2 + 5, if i ≡ 0 or 3 (mod 4),
2n−2 + 3, if i ≡ 1 or 2 (mod 4).
As we have reduced the general case to that of the principal block of SL2(q), we have
now proved the main result of this section.
Theorem 4.6. Let B be a block with a generalized quaternion defect group of order 2n and
with three isomorphism classes of simple modules.
(1) The Hochschild cohomology of B is periodic with period 4 and
dimK HHi (B)=
{
2n−2 + 5, if i ≡ 0 or 3 (mod 4),
2n−2 + 3, if i ≡ 1 or 2 (mod 4).
(2) The Poincaré series of the Hochschild cohomology of B has the form
2n−2 + 5+ (2n−2 + 3)t + (2n−2 + 3)t2 + (2n−2 + 5)t3
1− t4 .
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